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Problem statement
◮ Model: Let {Xn}n≥0 be a X (⊆ Rnx ) -valued Markov proessde�ned on a (measurable) spae (Ω,F).X0 ∼ ν (·) , Xn ∼ Mθ(Xn−1, ·), (1)where for the parameter we assume θ ∈ Θ ⊂ Rnθ , Θ is open.
◮ Objetive: Estimate θ∗ suh that

θ∗ = arg min
θ∈Θ

Jβ(θ),with Jβ(θ) = lim supn→∞

1
βn log

E


exp n∑p=1 βVθ(Xp)
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Outline
◮ Introdue Risk Sensitive Markov Deision Proesses
◮ Pose the problem a sequene of Feynman Ka (F-K)distributions
◮ Show diret analogy with Reursive Maximum Likelihood
◮ Use Sequential Monte Carlo (SMC) to ompute the optimalpoliy
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Introdution: Markov Deision Proess
◮ Let {Xn}n≥0 be a Markov proess depending on some a A

(⊆ Rna) -valued ation sequene {An}n≥0
◮ with initial distribution µ
◮ a family of transition kernels {Mn}n≥0 suh that

P(Xn ∈ dxn|X0:n−1 = x0:n−1,A1:n = a1:n) = M(xn−1, an, dxn).
◮ Poliy ζ: the sequene of mappings {Πn}n≥0.

◮ Randomised:Πn is a kernel with domain X ×A → P(A)
◮ Deterministi: map X → A, using An = Πn(Xn)
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Introdution: Markov Deision Proess
XnXn−1 b b bb b b

AnAn−1
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Introdution: Risk Sensitive Cost
◮ In�nite horizon risk sensitive ost (e.g. Di Masi-Stettner [3℄)J(ζ) = lim supn→∞

1
βn log

Ex0 
exp n∑p=1 βV (Xp ,Πp(Xp))

 ,where β is a risk onstant.
◮ Problem �nd a poliy ζ∗ suh that

ζ∗ = arg inf
ζ
J(ζ).

◮ For β < 0, risk averse.
◮ For β > 0, risk preferring.
◮ For β → 0, risk neutral, i.e. we minimise the in�nite horizonaverage ost lim supn→∞

1n n∑k=1 Ex0 [V (Xk , Πk(Xk ))] .N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Introdution: Risk Sensitive Cost
◮ Assume we an parameterise the poliy through a parameter

θ ∈ Θ.
◮ Express:

◮ the state's transition density as Mθ(xn−1, xn),
◮ the instantaneous ost V (Xn ,An) as V (Xn , Πθ(Xn)) or moresimply as Vθ(Xn).

◮ Seek to minimiseJ(θ) = lim supn→∞

1
βn log

Ex0 
exp n∑p=1 βVθ(Xp)

 .
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Toy Example: Linear Gaussian Quadrati Regulator (LQR)
◮ Linear Gaussian State Spae ModelXn = HXn−1 + An + σVn,where X0 ∼ N (0, 1) and Vn iid

∼ N (0, 1).
◮ Instantaneous Quadrati Cost:V (Xn,An) =

12XTn QXn +
12ATn RAn.

◮ State Feedbak Poliy, (Whittle [6℄):An = θXn.N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Example: Risk Sensitive LQR
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Figure: Plot Jβ(θ) against θ for the ases when β = {−0.001, 0, 0.001}.N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Method outline
◮ Formulate the problem as a Feynman Ka model (Del Moral[1℄)
◮ Compute SMC approximations of the �ow and gradients
◮ Compute estimates of θ∗using gradients
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Feynman Ka modelConsider the F-K models for the pair (Gθ,Mθ):Predition: ηn(dx) =

∫
µn−1(dx ′)Mθ(x ′, dx),Update: µn(dx) =

1ZnGθ(x)ηn(dx),where µ0 = ν andZn =

∫ n∏p=1Gθ(xp)Mθ(xp−1, dxp)ν(dx0).Note that
ηn(Gθ) =

∫
µn−1(dx ′)Mθ(x ′, dx)Gθ(x) =

ZnZn−1 ,Zn =

n∏p=1 ηp(Gθ) (2)N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Some Assumptions
◮ (A1) Measurability,[1℄. For any x ′ ∈ X , the pairs (Gθ,M)satisfy M(Gθ) =

∫ Gθ(x)Mθ(x ′, dx) > 0,supx ′∈X |M(Gθ)(x ′)| < ∞.

◮ (A2) Strong Mixing Conditions, [1, 5℄. There exists aprobability measure κ on X , positive for all values of x ∈ X ,and onstants 0 < λ, g=, g+ < ∞ suh that for all ,
(x , x´) ∈ X × X 1

λ
κ(x´) ≤ M(x , x ′) ≤ λκ(x´)g= ≤ Gθ(x) ≤ g+N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



De�ne F-K Potential for Risk Sensitive MDP
◮ De�ne potential funtion as the unnormalisedBoltzmann-Gibbs measureGθ(Xn) = exp(βVθ(Xn))Therefore,J(θ) = β−1lim supn→∞

1n log


∫ n∏p=1Gθ(xp)Mθ(xp−1, dxp)ν(dx0) .

= β−1lim supn→∞

1n log


n∏p=1 ηp(Gθ)




= β−1lim supn→∞

1n n∑p=1 log (ηp(Gθ))N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Similarity with Maximum Likelihood
◮ In Hidden Markov models we observe only:Yn| (X0:n = x0:n,Y0:T = y0:T ) ∼ gθ(·|xn)
◮ If we set Gθ(x) = gθ(yn|xn) we would be interested inJ(θ) = limn→∞

1n n∑p=1 log (ηp(Gθ))

= limn→∞

1n n∑p=1 log p(Yp |Y0:p−1)
= limn→∞

1n log p(Y0:p)i.e. in long term average log-likelihood.
◮ In this ase θ∗an be estimated on-line using ReursiveMaximum Likelihood (RML)N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Stohasti Approximation
◮ Under ergodiity and regularity assumptions (e.g. A2), basedon Del Moral and Douet [2℄:

µn n→∞
−→ µ∞

ηn n→∞
−→ η∞1n n∑p=1 log (ηn(Gθ))
n→∞
−→ E [log (η∞(Gθ))]1n n∑p=1∇θ log ηn(Gθ)

n→∞
−→ E [∇θ log (η∞(Gθ))]where the expetation is taken over the invariant distributionof the Markov hain {Xn, ηn}n≥0.

◮ Can use gradient desent as
θn+1 = θn − αnβ−1[∇θ log (ηn(Gθ))]θ=θn .N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



SMC approximations for gradient based optimisation
◮ Will use a partile based method

θn+1 = θn − αnβ−1 (
∇̂θn log (Zn) − ̂∇θn−1 log (Zn−1))

◮ For the gradient an use Fisher identity
∇θ logZn =

1Zn ∫
∇θ log


n∏p=1Gθ(xp)Mθ(xp−1, dxp)ν(dx0)

× Gθ(xp)Mθ(xp−1, dxp)ν(dx0)
=

1Zn ∫ 


n∑p=1 ∇θGθ(xp)Gθ(xp) +
∇θMθ(xp−1, dxp)M(xp−1, dxp) 



× Gθ(xp)Mθ(xp−1, dxp)ν(dx0)N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



SMC Degeneray
◮ Even using favourable assumptions like (A2) then theasymptoti variane of the standard SMC estimate Î θn of theadditive funtionalI θn =

1Zn ∫ [ n∑k=0 ϕ (xk)]Gθ(xp)Mθ(xp−1, dxp)ν(dx0), (3)satis�es (Poyiadjis et al 2009 [5℄ )
V

(Î θn )
≥ Dθ

n2N . (4)
◮ Even so one an obtain uniform Lp bounds for SMCapproximations based on the marginals.N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Smooth SMC ApproximationsAt time n, we start with the SMC approximation {ξin, ρin}Li=1 for thedistribution �ow µn
µ̂n(dxn) =

L∑i=1 ρinδξin(dxn).Then we an derive the following smooth approximations:
η̃n+1(dx) =

∫
µ̂n(dx ′)Mθ(x ′, dx)

=

L∑i=1 ρinMθ(ξ
in, dx),

µ̃n(dx) ∝ Gθ(x)η̃n+1(dx)
∝

L∑i=1 ρinGθ(x)Mθ(ξ
in, dx).N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Smooth SMC Approximations ont.
◮ We now propose new partiles ξin+1 fromL∑i=1 ρinQn+1(ξin, x)to obtain approximations η̂n+1 and µ̂n+1.
◮ Qn+1as in standard IS, i.e. hosen lose to Mθ(x ′, x)Gθ(x) andso that weights are well de�ned.
◮ Compute weights

ρ̄in+1 =
η̃n+1(ξin+1)Qn+1(ξin, ξin+1) =

L∑i=1 ρinMθ(ξ
in, ξin+1)Qn+1(ξin, ξin+1) ,w in+1 =

η̃n+1(ξin+1)Qn+1(ξin, ξin+1) =

L∑i=1 ρinG (ξin+1)Mθ(ξ
in, ξin+1)Qn+1(ξin, ξin+1) , ....N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Smooth SMC Approximations ont.
... ρin+1 =

w in+1L∑i=1w jn+1
◮ The orresponding SMC approximations

η̂n+1(dx) =

L∑i=1 ρ̄in+1δξin+1(dx),
µ̂n+1(dx) =

L∑i=1 ρin+1δξin+1(dx).Ẑn+1Ẑn =
1L L∑i=1 wnN. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Smooth SMC Approximations for the gradients
◮ Use marginal Fisher identity instead

∇θ logZn+1 =

∫
∇θ log (Gθ(x)ηn+1(x)) µn+1(dx),with smooth approximation ∇̃θ log (Gθ(x)ηn+1(x)) =L∑i=1 ρinMθ(ξ

in, ξin+1) [
∇θ logGθ(x) + ∇θMθ(ξ

in, x) + βin]L∑i=1 ρinMθ(ξin, ξin+1)where βin = ∇̃θ log (Gθn(ξin)ηn(ξin)) .N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Smooth SMC Approximations for the gradients ont.
◮ At time n we start with the SMC approximation

{ξin, ρin, βin}Li=1 with βin = ∇̃θ log (Gθn(ξin)ηn(ξin)).
◮ Compute βin+1 = ∇̃θn log (Gθ(ξ

in+1)ηn+1(ξin+1)).
◮ Compute sn+1 =

L∑i=1 ρin+1βin+1.
◮ Update parameter

θn+1 = θn − αnβ−1 (sn+1 − sn) .
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Example revisited: Risk Sensitive LQR
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Figure: Plot of the error θn − θ∗β against n for β = 0.001, αn = 0.01,L = 1000, θ0 = 5.N. Kantas, A. Douet, S.S.Singh SMC for Risk Sensitive Control



Example revisited: Risk Sensitive LQRbias bias MSE MSEL β = 0.001 β = −0.001 β = 0.001 β = −0.001100 0.0263 0.0196 0.345 0.313200 0.0141 0.0102 0.184 0.181500 0.0067 0.0060 0.163 0.1471000 0.0046 0.0039 0.123 0.1092000 0.0036 0.0027 0.097 0.0985000 0.0024 0.0018 0.081 0.080Table: Observed absolute bias and total mean squared error (MSE) whenomputing estimates for θ∗β for β = {0.001,−0.001}.
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Conlusion
◮ E�etively we have used tools familiar online ML estimationbut in a di�erent ontext.
◮ Expensive (O(L2) omp. ost), but added omputation seemsneessary to prevent degeneray of standard SMC
◮ In preparation:

◮ extension for the partially observed ase
◮ implementation for a more reallisti problem for portfoliooptimisation
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