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The Model

The problem

@ We deal with N-dimensional nonstationary time series (asset returns) Y¢, t =1,---, T,
when the focus is shifted to modelling and predicting the covariances {¥;t = 1,--- , T} of
the individual vectors

@ The number of parameters in X; is N(N + 1)/2 which grows quadratically in N.

@ Itis common to decompose Y = (Yir, Yat, - - - , Ynt) the returns of N assets at time t as
Y=t + e, @

where py = E(Y|Fi—1) is the conditional mean (predictor) of Y given the past information
Fi_1, and g is the shock (innovation) at time t with the conditional covariance matrix
> = cov(et| Fr—1).

@ Assume Y = &, and focus on modeling the conditional covariance matrices X,

t=1,---,T.



The Model

Dynamic eigenvalue and eigenvector modelling

o We decompose X; = P/ PtT and model A; and Py

with an AR(1) process. Direct modelling of P; is hard.

@ Since Py is a rotation matrix, it can be parameterised

w.r.t. N(N — 1)/2 Givens angles, each one belonging

N(N—1)

2
Pt - H Gjt
=1

to matrix Gj;:
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5 cos(wt)  sin(wt) DYTE cos(wt)  sin(wt)
—sin(w;) cos(wt) 0 At —sin(w;) cos(wt)

A1t > Az, —% < Wy <%




The Model

3-Dim

¥ = PAPT = GAG" = G1,G13G»3AG,G LG,

cos(wz) Sin(wiz) 0 cos(wiz) O sin(wis) 1 0 0
where G = | _sin(w,) cos(wiz) O 0 1 0 0 cos(wzz) sin(wzs)

0 0 1 — sin(w13) 0 cos(wiz) 0 — sin(w23) cos(w23)



The Model

N-Dim

l—1 0 0 0 0
0 cos(wyi 1) 0 sin(wi ) 0
N N
Pe= ] Gux= ]I 0 0 h_k_1 0 0
k=1, >k k=1, >k
0 — sin(wyi 1) 0 cos(wi ) 0
0 0 0 0 In—1

Every matrix contains only 4 elements with angles, ones in the diagonal, and everywhere else

zeroes




The Model

The Model

@ Y = (Y, Yo} Vo= (as oy Yo ~ MYN{O, GAGT }.

@ Transformations: h; = log A, 8 = |09(://22if,ii‘t ),i=1,...,N,t=1,...,T
h h hoohoo
hity1 = #ih+¢i s(hie —pi)+op -mi, 1=1,...,N
. N(N — 1)
5, .5 5 55
Sjryr = Hj+¢j'(5j\_llj)+0'j‘7lju i=1... >

where o, n ~ N{O, 1} independently, and we denote

h h h h
6n = (¢17"‘7¢N7017"‘7UN)
5 5 5 8
0s = (¢17~-~1¢N(N71170'1»q7'"70'N(N—11TI)
2 2



The Model

Estimation and model choice

@ Based on Laplace approximations for large N, based on MCMC

for small N.
@ Inference is Bayesian, but can be also viewed as classical

@ Exploit some interesting conditional independence structure of

our parameterisation

@ Achieve parsimony through Bayes Factors



Conditional independence

Conditional independence [1]

7T(h|(s,Y) X 7T(h1|($12,513,...,51N,Y) X
m(h2|d12, 013, . . ., 01N, 023, 024, . . ., Oon, Y ) X

X oeo X 7T(hN_1|(S,Y) X 7T(hN|(S,Y)




Conditional independence

Conditional independence [1] cont.

For example, the log-likelihood for N = 3 will be

M—«

1 -1
L = ¢ > (|09|P‘/\tPtT|+Y‘T (GlZ,\G13,\623,‘A16;3,\GI3JGIZJ) Yt)
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[1og [At] + (Gzac Y1) AT (Gas, ()]

* _ T T ;
where Y = G5 Gy, Y, and since

1 0 0
Gazt=| 0 cos(wzs,)  Sin(waay)
0 —sin(wzst) cos(wast)

A1 appears onlyasa ), Y;‘f)m term in L so it is independent of G3.



Conditional independence

Conditional independence [2]

7T(($12|Y) (08 7T(($12|Y1,Y2)

m(613]Y) o m(013|Y1,Y2,Y3,012)
= m(d13]Y7, Y5, Y3,012), Y* = GJ,Y

7T((514|Y) X 7T((514|Y1*,Y;,Y;,(512(513)

Very convenient for MCMC implementation
Suggests to estimate Givens angles sequentially.




Conditional independence

Information Matrix

Orthogonality

@ |(h, d) is block diagonal so h and & are orthogonal, see Yang and Berger 1994, Annals of

Statistics.
@ The block I(h) is diagonal as well, see Yang and Berger 1994, Annals of Statistics.

@ The block I(8) is diagonal in the case when § =0, see Daniels and Kass 2001, Biometrics.

The expected information matrix of 1(§) becomes diagonal, if we have transformed the data at first

according to the sample eigenvector matrix, thus making E (8) = 0. Therefore, we can perform

separate maximizations for all the parameters in the spirit of Cox and Reid 1987, JRSSB and suffer

small loss in the accuracy of our results.



Conditional independence

Conditional independence [2] cont.

m(012]Y) o< m(d12|Y1, Y2)

m(013]Y) o< m(d13]Y1, Ys)

m(Onn_1)|Y) o< m(dnwn_1)IYN—1,YN)
2 2

V.

Independence
This suggests to estimate Givens angles independently.




Conditional independence

Estimation algorithm

@ Perform a spectral decomposition £ = PAPT based on sample estimates and work with the
standardised vector Y * = A~2/2PTY . Note that although P and A are substantially
suboptimal estimators, the order of eigenvalues is retained in Y *.

@ Estimate separately (by running a 2-dim SV model) the marginal density of angles
612, ..., 01y and the corresponding 2 x (N — 1) 65 parameters (we exploit the first
conditional independence property)

@ Estimate the marginal densities of h; and O, by running an 1-d SV model (here we exploit
the orthogonality of hy with 612, . . ., 515 and the the second conditional independence
property).

@ Proceed to the rest of rows as above



Laplace

Laplace approximation for 1-D SV model

(based on Rue, Martino, Chopin, JRSSB, discussion on 15/10/08 in London)

yilhe  ~ N {0,exp(n)}

©+ h

UR

helhy, ... he_1, 0,0 N(¢hi_1,0%), t=1,...,T

2

Call 6 = (log 2% ,log(c%)), h = (p, hy, ..., hr)

n(h,0ly) o w(0)n(h|®) [ w(vilhi.6)

x w(@)IQON 2 exp |~ hTQO + 3 log{(yilhi, )}

We exploit the fact that Q(8), the precision matrix of 7w(h | 0), is very sparse.



Laplace

Laplace approximation for 1-D SV model

Approximate with Laplace approximations first

w(h,8,y)

0 - = 7
moly) o #(h | @,y)lh=h*@©)

where 7 (h | 6,y) is the Gaussian approximation to 7(h | 8,y ), and then
#(nly) = [ #(h | 0.y)7(6 | y)do

by (simple) numerical integration. Normality of the marginal densities is not necessarily assumed in

either approximations

Rue Martino and Chopin (2008) run this algorithm in 11 seconds assuming t-errors -beats MCMC!



Laplace

Laplace approximation for 2-D SV model

@ The latent variables are h = (hy,h2,d) and
60 = (¢n,, 0f,, bny, 0h B3, 0%).

@ The maximisations required w.r.t. h are achieved by exploiting
the orthogonality of h1, h», 4.

@ When we estimate the marginal density of 6s,, we use only rows
Y1 and Y. The h; and h; that are integrated out are not the
same as those that we obtain from the full Y dataset, these will

be obtained later when all angles in row 1 are obtained.



Bayes Factors

Model determination [1]

@ Important to achieve parsimony, especially in O(N?) angles
@ Bayes factor, DIC, predictive measures are available

@ An approximation of marginal likelihood is immediately available
as the normalising constant of 7(6|Y ) under the assumption of

Normality

@ A better approximation is achieved by numerical integration of

7(0]Y).



Bayes Factors

Model determination [2]

@ For every latent angle vector §;;, we also estimate another,
simpler model, in which the J;; is not an AR(1) process but has a
Normal prior with zero mean and a unit information variance.

@ In this case 0 = (¢n,, 0, ¢, 0f, , 6).

@ Bayes factors are used according to Kass and Raftery (1985)

critical values.



Applications

Applications

@ We fitted our model to two datasets.

@ The first consists of 945 simulated daily returns of 4 assets.

@ The second consists of 348 daily returns of 14 stocks of FTSE
100 until June 12th 2009.

@ First model has 4 x 3/2 = 6 angles while the second
14 x 13/2 = 91. Bayes factors gave correct evidence to support
models with all 6 AR(1) angles for the simulated data and 9

(10%) AR(1) angles for the real data.
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Applications

Correlations of the 4-simulated returns

Correlation 1,2 Correlation 1,3

Simulated Correlation
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Correlations of the 4-simulated returns continued

Correlation 1,2

Correlation 1,3

Applications
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Applications

Correlations of the 4-simulated returns continued
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Applications

Volatilities of the 4-simulated returns

First Assets volatility Estimate

Second Assets volatility Estimate
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Applications

Correlations of the 14-stock data

Correlation 1,2

Correlation 1,3
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Applications

Correlations of the 14-stock data continued
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Applications

Volatilities of the 14-stock data

First Assets volatility Estimate Second Assets volatility Estimate
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Applications

Volatilities of the 14-stock data
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Applications

Volatilities of the 14-stock data
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Current work

Current work

@ Assessing the approximation error by comparing with MCMC

output

@ Investigate the most appropriate form of Laplace-type

approximations

@ Prediction theory
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